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Abstract
We focus on the entropy relations of black holes in three, four and higher dimen-
sions. These entropy relations include entropy product, “part” entropy product and
entropy sum. We also discuss their differences and similarities, in order to make a
further study on understanding the origin of black hole entropy at the microscopic
level.
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1 Introduction
One of the major challenges in quantum theories of gravity in the past years is under-
standing the origin of black hole entropy at the microscopic level, which is also a clue for
probing the microscopics of black holes. For this aim, much attention had been paid to
the additional entropy relations of black holes in thermodynamics. These entropy relations
include entropy product [1–17], “part” entropy product [11, 18] (i.e.
∑
1≤i<j≤D(SiSj)
1
d−2 ,
where D and d are the number of horizons and the dimensions respectively.) and entropy
sum [19, 20], which are expected to not only be expressed solely in terms of the quantized
charges including the electric charge Q, the angular momentum J , and the cosmological
constant Λ (which can be treated as pressure after explaining the mass of the black hole as
enthalpy rather than internal energy of the system), but also have the mass independence.
These entropy relations are always introduced in black hole spacetime with multi-horizons
including the physical horizons: the event horizon, inner (Cauchy) horizon and cosmologi-
cal horizon; and the un-physical “virtual” horizons.
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Consider the thermodynamics of other horizons and the physics inside the black hole
is not just an artificial game to play with. There exist several reasons why people study
the thermodynamics of all horizons. Firstly, it is found that the Green functions are
sensitive to the geometry near all the black hole horizons, and not just the outermost
one [21–23]. The thermodynamic properties, especially for the entropy at each horizon,
can therefore be expected to play a role in governing the properties of the black hole
at the microscopic level. Besides, the parallel study, the entropy inequalities of multi-
horizons of four dimensional general axisymmetric stationary solutions in Einstein-Maxwell
theory [24–30] are interpreted as a general criterion for extremality [31]. It also results in
a No-Go theorem for the possibility of force balance between two rotating black holes [32].
This makes the physics at each horizon more intriguing. On the other hand, in the study on
the entropy relations, one need to include the necessary effect of the un-physical “virtual”
horizons, in order to preserve the mass independence [11, 19, 20]. Only in this way, these
additional equalities of multi-horizons of black holes are “universal”. Furthermore, by
using of these thermodynamical relations, the construction of thermodynamics for inner
horizon of black hole catches more attentions [6,7,9,13,14,24,26,28,33], which makes the
properties of inner of black hole more interesting.
The study on the entropy product of multi-horizons black hole is generalize to many
theories, including the super-gravity model [1–5], Einstein gravity [6–13] and other modified
gravity models [3, 14–17] in both four and higher dimensions. It is always independent of
the mass of the black hole [1–5, 7–10, 12, 16, 17, 19, 20]. However, the mass independence
of entropy product fails in some asymptotical non-flat spacetime [6, 11, 14, 15]. Hence, the
“part” entropy produce and entropy sum are introduced, which always are independent of
the mass of the black hole in (A)dS spacetime [11,18–20] (and seem to be more “universal”).
To say more accurately, the latter two entropy relations never depend on the electric
charge Q and angular momentum J , but the cosmological constant and the constants
characterizing the strength of these extra matter field.
In this paper, we firstly present all entropy relations including entropy product, “part”
entropy product and entropy sum in three dimensions, which is never studied in previous
literature, in order to improve the study on entropy relations. Then we revisit some known
entropy relations and give some new unknown ones in four and higher dimensions. We
discuss their differences and similarities in general dimensions, in order to make a further
study on understanding the origin of black hole entropy at the microscopic level. After
having a holistic look at the entropy relations, we conclude that in the theory without
Maxwell field entropy product and “part” entropy product belong to the same kind of
entropy relation, because the mass independence of entropy product and “part” entropy
product hold complementary. In rotating (A)dS spacetime, entropy product is independent
of mass, while reducing to static (A)dS spacetime “part” entropy product takes the mass
independence. When the case in static (A)dS spacetime reduces to flat spacetime, electric
charge Q plays a switch role to the dependent of mass or not of entropy product, while
“part” entropy product turns to depend on mass [18]. However, there are two kind of
failed examples in which the mass independence of “part” entropy product or entropy
product disappears: the degenerated cases with only two horizons, i.e. the cases that
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entropy product and “part” entropy product merge into the same entropy product and
have some vanishing charges (electric charge and angular momentum, and cosmological
constant) meanwhile, such as the static uncharged BTZ black hole and Kerr-Newman black
hole in Gauss-Bonnet theory [14]; since they do not admit the entropy area law. For the
entropy sum, it only depends on the constant characterizing the strength of the background
spacetime (the cosmological constant etc.) and never depends on electric charge, angular
momentum and mass. Consider the “part” entropy product and entropy sum together, we
find that they both have solely the constant (characterizing the strength of the background
spacetime, such as the cosmological constant etc.) dependence, other than the electric
charge and angular momentum dependence, which is different from the entropy product.
It is found that “part” entropy product and entropy sum of Schwarzschild-de-Sitter black
hole are actually equal, when only the effect of the physical horizons are considered, as they
both can be simplified into a mass independent entropy relations of physical horizon. This
also reveal that one can explaining the origin of black hole entropy at the microscopic level
without considering the effect of the un-physical virtual horizons. For the sake of brevity,
this idea is only checked in Schwarzschild-de-Sitter black hole, while the calculations for
the other cases (the Kerr-Newman-(Anti-)de-Sitter black holes etc.) can be performed in
a similar manner.
This paper is organized as follows. In the next Section, we will investigate the entropy
relations of 2 + 1 dimensional black holes. In Section 3, we take as a holistic look at the
entropy relations in four and higher dimensions and discuss their differences and similarity
in general dimensions. Section 4 is devoted to the conclusions and discussions.
2 Entropy relations of black holes with multi-horizons
in (2 + 1) dimensions
Entropy relations including entropy product, “part” entropy product and entropy sum in
four and higher dimensions are studied widely. In this section, we present all entropy
relations of (2 + 1) dimensional BTZ black hole [34] and hairy black hole [35–38], which
is never studied in previous literature, in order to improve the study on entropy relations.
These black holes are special and different from that in four and high dimensions, because
in (2 + 1) dimensions, smooth black hole horizons can exist only in the presence of a
negative cosmological constant [39].
2.1 Entropy relations of BTZ black hole
Consider the BTZ black hole [34], which is the solution of Einstein equations in the theory
with the lagrangian
L = 1
2π
∫
d3x
√−g (R− 2Λ) , (2.1)
3
where the cosmological constant Λ = − 1
l2
. The metric takes the form as
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(Nφ(r)dt+ dφ)2,
with the horizon function f(r) and the angular velocity Nφ(r)
f(r) = −M + r
2
ℓ2
+
J2
4r2
,
Nφ(r) = − J
2r2
,
where M and J are the mass and angular momentum of the black hole respectively. We
are interested in the entropy relations of the multi-horizons, which are the roots of f(r)
and read as
r1 =
√√√√√

1 +
√
1−
(
J
Mℓ
)2Mℓ, r2 = −
√√√√√

1 +
√
1−
(
J
Mℓ
)2Mℓ,
r3 =
√√√√√

1−
√
1−
(
J
Mℓ
)2Mℓ, r4 = −
√√√√√

1−
√
1−
(
J
Mℓ
)2Mℓ,
where r1 and r3 correspond to event horizon and Cauchy horizon, i.e. physical horizons,
while r2 and r4 represent the negative and un-physical “virtual” horizons which often is
discarded in literature.
The entropy at each horizon is equal to twice the perimeter length of the horizon [34],
i.e.
Si = 4πri. (2.2)
A straightforward calculation then gives the entropy relations. The entropy product
4∏
i=1
Si = 64π
4J2ℓ2, (2.3)
is strictly independent of mass M . It only depends on angular momentum J , which is
consistent with the results in general rotating spacetime [1,3]. We also present the “part”
entropy product of BTZ black hole here∑
1≤i<j≤4
SiSj = −16π2Mℓ2. (2.4)
4
It is mass dependent and not solely cosmological constant dependent, which is different
from the case in four and high dimensional static spacetime [18]. The entropy sum
4∑
i=1
Si = 0. (2.5)
is vanishing and independent of mass M , and is consistent with the results in general odd
dimensions [20].
However, when the J is vanishing, the black hole reduces to static case with only two
horizons
r+ =
√
Mℓ, r− = −
√
Mℓ.
In this case, entropy product and “part” entropy product merge into the same entropy
product and behavior as
S+S− = −16π2Mℓ2, (2.6)
which is mass dependent. Luckily, the entropy sum Eq.(2.5) still holds. Namely, there is
still a entropy relation having mass independence, and revealing some features about the
origin of black hole entropy at the microscopic level.
2.2 Entropy relations of (2 + 1) dimensional hairy black hole
Next let us turn to the entropy relations of the static black hole with a scalar hair in (2+1)
dimensions constructed in [35, 37, 38]. The Lagrangian of the theory is
L = 1
2
∫
d3x
√−g (R − gµν∇µφ∇νφ− ξRφ2 − 2V (φ)) , (2.7)
where ξ = 1
8
is the couple constant between gravity and the scalar field φ. The gravitational
constant κ has been set to be 1. The metric ansatz takes the form
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dψ2,
where ψ is the angular coordinate ranges −π ≤ ψ < π. However, we should not restrict
the r coordinate because of the “virtual” horizons. Here we are interested in the static
uncharged hairy AdS black hole with the horizon function [35, 37, 38]
f(r) = −M
3
(
3 +
2B
r
)
+
r2
ℓ2
, (2.8)
the scalar field is
φ(r) = ±
√
8B
r +B
,
5
and self-coupling potential
V (φ) = − 1
ℓ2
+
1
512
(
1
ℓ2
− M
3B2
)
φ6,
where M is the mass of black hole and B characterizes the strength of the scalar field.
Since we consider the non-minimal coupled scalar hairy black hole, the entropy of
horizon does not satisfy the Benkenstein and Hawking’s theorem. A non-minimal coupling
factor need to be multiplied by A
4
, as the entropy of horizon. Namely, the entropy for each
horizon is
Si =
A
4
(
1− ξφ(ri)2
)
=
πri
2
(
1− B
ri +B
)
=
πr2i
2(ri +B)
,
Back to the horizon function f(r), which is a cubic polynomial. It is not very difficult to
solve its roots out (See Appendix A). There are three horizons located at r1, r2 and r3,
what are zeros of f(r), part of which may be negative, even complex. With the help of
computer algebra system (CAS) one can calculate that the entropy product and “part”
entropy product, however, are mass dependent
3∏
i=1
Si =
π3M2ℓ4B
6(3B2 −Mℓ2) , (2.9)∑
1≤i<j≤3
SiSj =
π2M2ℓ4
4(3B2 −Mℓ2) . (2.10)
When B is vanishing, the “part” entropy product reduces to the case for BTZ black
hole, which is still dependent of mass. Comparing with the result in general rotating
spacetime [1, 3], one can conclude that the entropy product is always mass dependent
when the charge Q and J is vanishing. Furthermore, the mass independence of “part”
entropy product is not expected to hold in the case which the black holes do not admit
the entropy area law. Luckily again, the entropy sum
3∑
i=1
Si = 0 (2.11)
is vanishing and independent of mass M .
As the entropy sum in general odd dimensions is vanishing and independent of mass
M [20], consider all theories in three dimensions, there is always a entropy relation (entropy
sum) having mass independence, and revealing some features about the origin of black hole
entropy at the microscopic level.
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3 Entropy relations of black holes with multi-horizons
in four and higher dimensions
In this section, we first revisit some known entropy relations and give some new unknown
ones in four and higher dimensions. We show the entropy product, “part” entropy product
and entropy sum in four and higher dimensions separately. Then we discuss their differences
and similarity in general dimensions, in order to make a further study on understanding
the origin of black hole entropy at the microscopic level.
3.1 Entropy product
The entropy product of multi-horizons black hole is studied widely in many theories, in-
cluding the super-gravity model [1–5], Einstein gravity [6–13] and other modified gravity
models [3, 14–17] in both four and higher dimensions. Hence, we will only summarize its
features here.
1. It is always independent of the mass of the black hole, and can be expressed solely
in terms of the quantized charges including the electric charge Q, the angular mo-
mentum J , and the cosmological constant Λ (which can be treated as pressure after
explaining the mass of the black hole as enthalpy rather than internal energy of the
system) [1–5, 7–10, 12, 16, 17, 19, 20];
2. It holds for the black holes in four and higher dimensions asymptotically flat and
asymptotically (anti-)de Sitter spacetimes, including the ordinary area entropy [6–13]
and non-area entropy for which with higher derivative terms in the lagrangian [3,14–
17];
3. One need to include the necessary effect of the un-physical, “virtual” horizons, in
order to preserve its mass independence [11, 19, 20].
4. It is shown that the charge Q, J and Λ plays an important role in this entropy
product. When the rotating black holes reduce to static case, the mass independence
of entropy product always fails [6,11,14]; electric charge Q plays the same role with J
in f(R)-Maxwell theory, as entropy product of uncharged f(R) black holes depends
on mass; in asymptotically flat spacetime, the mass independence of entropy product
is destroyed only in the case of the black holes in higher derivative theories, i.e.
Gauss-Bonnet theory, even the charge Q and J are not vanishing, such as Kerr-
Newman black hole in Gauss-Bonnet theory [14] since a constant α which appears in
LGB is added in the ordinary area entropy.
3.2 “Part” entropy product
In order to preserve the mass independence of entropy relations, “part” entropy product are
introduced [11,18]. The “part” entropy product we have constructed is
∑
1≤i<j≤D(SiSj)
1
d−2 ,
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where D is the number of horizons, including physical and “virtual” ones; d is the number
of the dimensions. This type of entropy relation was firstly introduced in [11] in four
dimensions and then generalized to general dimensions [18]. However, the “part” entropy
product could be calculated smoothly only in the Benkenstein-Hawking entropy case. Here
we revisit the “part” entropy product in general dimensions in Table 1. One should note
that, for charged black hole in f(R) gravity, we only demonstrate the d = 4 case for
simplification, since the standard Maxwell energy-momentum tensor is not traceless, which
makes people failed to derive higher dimensional black hole/string solutions from f(R)
gravity coupled to standard Maxwell field [40].
black holes “part” entropy product
Schwarzschild-(A)dS −k(d− 1)(d− 2)π
d−1
d−2
2Λ
(
2Γ
(
d−1
2
)) 2
d−2
[11, 18]
Reissner-Nordstro¨m-(A)dS −k(d− 1)(d− 2)π
d−1
d−2
2Λ
(
2Γ
(
d−1
2
)) 2
d−2
[11, 18]
neutral f(R) −kd(d− 1)
R0

π d−12 (1 + f ′(R0))
2Γ
(
d−1
2
)


2
d−2
[18]
charged f(R)(d = 4) −12k
R0
(1 + f ′(R0))π [18]
Table 1: “part” entropy product of some black holes
In Table 1, k is the parameter signifies the geometry of horizons and can only be +1,
0 and −1, corresponding to spherical, flat and hyperbolic horizons. From Table 1, it can
be found that, in the static spacetime, the “part” entropy product only depends on the
cosmological constant Λ. It never depends on the conserved charges Q, nor even the mass
M . In other words, the electric charge Q does not play an important role (as J) in “part”
entropy product, as the results have no difference between the charged and uncharged black
holes. In asymptotically flat spacetime, the mass independence of “part” entropy product
is destroyed, even the electric charge Q is not vanishing, such as Einstein-Maxwell black
holes in general dimensions [18]. In the rotating spacetime, taking BTZ as an example (as
shown in Section 2), the mass independence of the “part” entropy product fails. Still one
need include the necessary effect of the un-physical “virtual” horizons, in order to preserve
its mass independence.
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3.3 Entropy sum
Entropy sum [19, 20] is another entropy relation, which is introduced in order to preserve
the mass independence of entropy relations. It is shown firstly in four dimensions [19]
and is generalized to higher dimensions [20] soon. Here we revisit entropy sum in various
gravity theory and present some new unknown one in Table 2. One should note that, since
in d = 4 dimensions, the integration of the GB density LGB = RµνγδRµνγδ − 4RµνRµν +R2
is a topological number and has no dynamics, which makes it out of our discussion. In
the high dimensional Einstein-scalar theory and Einstein-Weyl theory, entropy sum for
multi-horizons black holes are still difficult to obtain.
black holes 4 dimensions 6 dimensions
Schwarzschild-(A)dS
6πk
Λ
[19]
400k2π2
3Λ2
[20]
Reissner-Nordstro¨m-(A)dS
6πk
Λ
[19]
400k2π2
3Λ2
[20]
(A)dS black hole in f(R)
6πk
Λf
(1 + f ′(R0))
400k2π2
3Λ2f
(1 + f ′(R0)) [20]
Kerr-(A)dS
6π
Λ
[19]
4π2
3Λ2
(Appendix B)
Hairy black holes ±6π
Λ
± π
6α
[19] −−
Gauss-Bonnet (A)dS −− 50k
2
Λ2
+
30k2α˜
Λ
[20]
Einstein-Weyl
4πα(1− 2c) for charged [19]
− 4πα for neutral [19] −−
gauged supergravity −2π
g2
[20]
4π2
3g4
[20]
Table 2: entropy sum relation for some gravity theory in four and six dimensions
In Table 2, Λf is effective cosmological constant in f(R) gravity. k is the parameter
signify the geometry of horizons and can only be +1, 0 and −1, corresponding to spherical,
flat and hyperbolic horizons. We demonstrate the calculation of entropy sum of the six
dimensional Kerr-(A)dS black hole in Appendix B. From Table 2, one can obtain that there
is no angular momentum J , electric charge Q and mass M in the entropy sum. There only
depend on the cosmological constant Λ or g2 and the constant characterizing the strength
of the background spacetime, no matter in static spacetime or rotating spacetime, for
charged or uncharged black holes. That is to say, angular momentum J and electric charge
Q do not play an important role in entropy sum, as the results have no difference between
the charged and uncharged, static and rotating black holes. Besides, in six dimensional
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AdS spactime, entropy sum of black holes admitting the area entropy law are the same
with that in dS spacetime. On the other side, as shown in [20], the entropy sum in
general odd dimensions is vanishing and independent of mass M . One still need to include
the necessary effect of the un-physical “virtual” horizons, in order to preserve its mass
independence. In asymptotically flat spacetime, the entropy sum of multi-horizons black
holes is not independent of mass, even the charge Q and J are not vanishing, such as Kerr
black hole [19].
3.4 Differences and similarities between three entropy relations
In this subsection, we discuss the differences and similarities between entropy product,
“part” entropy product and entropy sum in three, four and higher dimensions, in order
to make a further study on explaining the origin of black hole entropy at the microscopic
level.
After having a whole look at the entropy relations, one can conclude that they can
be divided into two kinds barely: entropy product and “part” entropy product belong to
product relations for entropy, while entropy sum belong to sum relation. For the former
relation, one can find that the mass independence of entropy product and “part” entropy
product hold complementary. In rotating (A)dS spacetime, entropy product is independent
of mass (and depends on electric charge, angular momentum and cosmological constant),
while reducing to static (A)dS spacetime “part” entropy product takes the mass indepen-
dence (and only depends on cosmological constant). When the case in (A)dS spacetime
reduces to flat spacetime, It is back to entropy product which is independent of mass,
while “part” entropy product turns to depend on mass. Besides, they never holds in the
same case. Hence they can be viewed as the same kind of universal entropy relations.
Consider the mass independence, it seems that there is always one of the product relations
for entropy holding. However, two kind of failed examples are known: the degenerated
cases with only two horizons, whose entropy product and “part” entropy product merge
into the same entropy product and have some vanishing charges (electric charge and angu-
lar momentum, and cosmological constant) meanwhile, such as the static uncharged BTZ
black hole and Kerr-Newman black hole [14]; the cases do not admit the entropy area law,
such as the three dimensional static uncharged hairy black hole and Gauss-Bonnet-AdS
black holes [14]. For the entropy sum, it only depends on the constant characterizing the
strength of the background spacetime (the cosmological constant etc.) and never depends
on electric charge, angular momentum and mass. Obviously, one can immediately point
out the black holes case whose entropy relations having no mass independence, namely
the black hole with vanishing electric charge and angular momentum, and cosmological
constant. However, for this special case, people will always find only one horizon which is
not interesting, such as the Schwarzschild black holes.
On the other hand, consider the “part” entropy product and entropy sum together,
we find that they both only depend on the constant characterizing the strength of the
background spacetime (the cosmological constant etc.), other than the electric charge and
angular momentum, which is different from the entropy product. It is certain that this
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two relations have some similarities. Actually they are equal in some sense. For the sake
of brevity, we will only take the four dimensional Schwarzschild-de-Sitter black hole as an
example. The calculations for the other cases (the Kerr-Newman-(Anti-)de-Sitter black
holes etc.) can be performed in a similar manner. We begin with the horizon function of
the four dimensional Schwarzschild-de-Sitter black hole
f(r) = 1− 2M
r
− Λr
2
3
whereM is the mass of the black hole and Λ is the cosmological constant We will substitute
Λ = 1
L2
for convenience here. As we are aim to the entropy relations of black hole horizons,
we first list all three horizons [11]
rE = 2L sin
(
1
3
arcsin
(
3M
L
))
rC = 2L sin
(
1
3
arcsin
(
3M
L
)
+
2π
3
)
rV = 2L sin
(
1
3
arcsin
(
3M
L
)
− 2π
3
)
,
where, rE and rC represent the event horizon and cosmological horizon respectively, while
rV is a “virtual” horizon. The “part” entropy product of Schwarzschild-de-Sitter black
hole takes the following form [11, 19]√
SESC +
√
SCSV +
√
SV SE = −3πL2, (3.1)
which can lead into the entropy relations of physical horizon having mass independence [11]
SE + SC +
√
SESC = 3πL
2. (3.2)
Now we prove the entropy sum of Schwarzschild-de-Sitter black hole leads into the above
relations as well. Firstly we introduce the relationship of three horizons
rE + rC + rV = 0.
After inserting the entropy of each horizon, i.e. Si = Ai/4 = πr
2
i , we conclude√
SE +
√
SC +
√
SV = 0, (3.3)
which results in
SV = SE + SC + 2
√
SESC . (3.4)
This makes us possible to eliminate the un-physical “virtual” horizons, constructing com-
binations of physical horizon entropy and linking the different entropy relations. Inserting
the above relation into the entropy sum [19]
SE + SC + SV = 6πL
2, (3.5)
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we immediately obtain the mass independent entropy relations of physical horizon Eq.(3.2).
Hence, we conclude that “part” entropy product and entropy sum of Schwarzschild-de-
Sitter black hole are actually equal, when only the effect of the physical horizons are
considered. Back to the relation Eq.(3.2), it also reveal that one can explaining the origin
of black hole entropy at the microscopic level without considering the effect of the un-
physical virtual horizons.
We know that there was an understanding for entropy product via thermodynamics on
event and Cauchy horizons, i.e. the thermodynamics correspondence shown in [9]. Thus
the mass independence of entropy sum also has similar physical understanding because of
the equality between entropy product and sum. Note the calculation of entropy sum based
on three or more horizons. However, we have not yet known clearly the thermodynamics
on “virtual” horizon(s). This makes the physical picture of entropy sum difficult to be
found as done to entropy product temporarily, while we can obtain some thermodynamic
properties of the “virtual” horizon by this procedure, including the thermodynamics laws
and Smarr’s relations, at least in certain solutions. In this perspective, “entropy sum” is
of importance to black hole thermodynamics. This will be our future work.
4 Conclusions
In this paper, we firstly present all entropy relations include entropy product, “part”
entropy product and entropy sum in three dimensions, which is never studied in previous
literature, in order to improve the study on entropy relations. Then we revisit some known
entropy relations and give some new unknown ones in four and high dimensions. We discuss
their differences and similarity in general dimensions, in order to make a further study on
understanding the origin of black hole entropy at the microscopic level. After having a
whole look at the entropy relations, we conclude
1. Entropy product and “part” entropy product belong to the same kind of entropy rela-
tion, because the mass independence of entropy product and “part” entropy product
hold complementary in the theory without Maxwell field. In rotating (A)dS space-
time, entropy product is independent of mass, while reducing to static (A)dS space-
time “part” entropy product takes the mass independence. When the case in static
(A)dS spacetime reduces to flat spacetime, electric charge Q plays a switch role to
the dependent of mass or not of entropy product, while “part” entropy product turns
to depend on mass [18]. When the Maxwell field is considered, entropy product and
“part” entropy product may hold meanwhile, that is to say, the behaviors of entropy
product is more complicated and interesting.
2. There are two kind of failed examples which the mass independence of “part” entropy
product or entropy product disappears: the degenerated cases with only two horizons,
i.e. the cases that entropy product and “part” entropy product merge into the
same entropy product and have some vanishing charges (electric charge and angular
momentum, and cosmological constant) meanwhile, such as the static uncharged
12
BTZ black hole and Kerr-Newman black hole in Gauss-Bonnet theory [14]; since
these cases do not admit the entropy area law.
3. “Part” entropy product and entropy sum both have solely the constant (character-
izing the strength of the background spacetime, such as the cosmological constant
etc.) dependence, other than the electric charge and angular momentum dependence,
which is different from the entropy product.
4. “Part” entropy product and entropy sum of Schwarzschild-de-Sitter black hole are
actually equal, when only the effect of the physical horizons are considered, as they
both can be simplified into a mass independent entropy relations of physical horizon.
This also reveal that one can explaining the origin of black hole entropy at the
microscopic level without considering the effect of the un-physical virtual horizons.
However, for the sake of brevity, the idea of this paper is only checked in some simplest
examples, while the calculations for the other cases can be performed in a similar manner.
We hope to return to this subject in the future.
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A Solving the Cubic Polynomial
This appendix presents the horizons of three dimensional static uncharged hairy black hole
following the procedure introduced in [11]. Compare with the convenient form
r3 − 3p2r + 2q = 0
and its three roots, accordingly
r = 2p sin
(
1
3
arcsin
(
q
p3
)
+ ǫ
2π
3
)
, ǫ ∈ {0,±1}.
The horizon function Eq.(2.8) of three dimensional static uncharged hairy black hole could
be simplified as
r3 −Mℓ2r − 2Mℓ
2B
3
= 0.
After taking the following transformation
p =
√
Mℓ2
3
= mℓ, q = −Mℓ
2B
3
= −m2ℓ2B.
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where we have set m2 = M
3
for convenience. Then three roots can be obtained
r1 = 2mℓ sin
[
1
3
arcsin
(
− B
mℓ
)]
,
r2 = 2mℓ sin
[
1
3
arcsin
(
− B
mℓ
)
+
2π
3
]
,
r3 = 2mℓ sin
[
1
3
arcsin
(
− B
mℓ
)
− 2π
3
]
.
Note that not all of them are physical. However, we can choose the parameters M and
B to guarantee one (event) or two (event and Cauchy) positive horizon(s), while the rest
are(is) negative and un-physical. It is shown that the un-physical “virtual” horizons is
necessary, in order to preserve mass independence of the entropy relations.
B Calculation of the Entropy Sum of the 6 Dimen-
sional Kerr-(A)dS Black Hole
Arbitrary dimensions Kerr-(A)dS black hole was constructed in [41]. Here we demonstrate
the calculation of entropy sum for the 6 dimensional case with the horizon function
f(r) = (r2 + a2)(r2 + b2)(1∓ Λr2)− 2Mr, (B.1)
where the upper and lower of sign stand for the dS and AdS solution respectively. And a
and b are independent rotation parameters. Set f(r) = 0 and reform it to polynomial
∓Λr6 +
(
∓ Λ(a2 + b2) + 1
)
r4 +
(
∓ Λa2b2 + a2 + b2
)
r2 − 2Mr + a2b2 = 0. (B.2)
In principle, the polynomial has six zeros corresponding to six horizons, including un-
physical “virtual” horizons. By using the Vieta theorem on (B.2), it is easy to obtain some
useful relationships
6∑
i=1
ri = 0,
∑
1≤i<j≤6
rirj =
∓Λ(a2 + b2) + 1
∓Λ ,
∑
1≤i<j<k<l≤6
rirjrkrl =
∓Λa2b2 + a2 + b2
∓Λ . (B.3)
Consider the entropy for each horizon
Si =
Ai
4
=
1
4
2π
5
2 (r2i + a
2)(r2i + b
2)
Γ
(
5
2
)
(1± Λa2)(1± Λb2)
=
2π2
3(1± Λa2)(1± Λb2)
(
r4i + (a
2 + b2)r2i + a
2b2
)
. (B.4)
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In order to obtain the entropy sum of all horizons, we firstly calculate
6∑
i=1
r4i and
6∑
i=1
r2i
separately with the help of the following universal equalities
3
6∑
i=1
r4i =4
(
6∑
i=1
ri
)(
6∑
i=1
r3i
)
+ 6
( ∑
1≤i<j≤6
rirj
)2
−
(
6∑
i=1
ri
)4
− 12
( ∑
1≤i<j<k<l≤6
rirjrkrl
)
6∑
i=1
r2i =
(
6∑
i=1
ri
)2
− 2
( ∑
1≤i<j≤6
rirj
)
.
Inserting Eq.(B.3) into the above two equalities, straightforward we get the entropy sum
of six dimensions Kerr-(A)dS black hole
6∑
i=1
Si =
4π2
3Λ2
. (B.5)
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